Motivated by recent experiments on vanadium spinels, AV2O4, that show an increasing degree of electronic delocalization for smaller cation sizes, we study the evolution of orbital ordering (OO) between the strong and intermediate-coupling regimes of a multi-orbital Hubbard Hamiltonian. The underlying magnetic ordering of the Mott insulating state leads to a rapid suppression of OO due to enhanced charge fluctuations along ferromagnetic bonds. Orbital double-occupancy is rather low at the transition point indicating that the system is in the crossover region between strong and intermediate-coupling regimes when the orbital degrees of freedom become disordered.
Motivated by recent experiments on vanadium spinels, AV2O4, that show an increasing degree of electronic delocalization for smaller cation sizes, we study the evolution of orbital ordering (OO) between the strong and intermediate-coupling regimes of a multi-orbital Hubbard Hamiltonian. The underlying magnetic ordering of the Mott insulating state leads to a rapid suppression of OO due to enhanced charge fluctuations along ferromagnetic bonds. Orbital double-occupancy is rather low at the transition point indicating that the system is in the crossover region between strong and intermediate-coupling regimes when the orbital degrees of freedom become disordered. The steady interest in frustrated magnets with degenerate orbitals is driven by the continuous discovery of unusual magnetic and orbital orderings resulting from an intricate interplay between frustration, lattice distortions and electron correlations. A case in point is the family of vanadium spinels, AV 2 O 4 (A = Cd, Mg or Zn), whose magnetic V 3+ ions reside on a pyrochlore lattice and contain two electrons in their t 2g 3d-orbitals [1] [2] [3] [4] [5] . What makes this family particularly attractive is the possibility of tuning the ratio between the electronic hopping, t, and the intra-orbital Coulomb repulsion, U , by changing the cation size at A sublattice [6] .
By using a strong-coupling approach, Tsunetsugu and Motome found an antiferro-orbital (AFO) order consisting of alternating d zx and d yz orbitals along both [1, 0, ±1] (zx) and[0, 1, ±1] (yz) directions [7] . However, AFO is incompatible with the crystal symmetry I4 1 /amd extracted from neutron scattering (NS) and x-ray diffraction experiments [1] [2] [3] . Tchernyshyov [8] proposed that AFO is suppressed by a strong spin-orbit (SO) interaction [8] [9] [10] . Although there is no reliable data on the SO coupling for V 3+ ions, free ion measurements [11] and ab initio calculations [12] indicate that it may be comparable to the exchange energy. However, recent NS measurements on MgV 2 O 4 [3] detected a small spin gap and highly dispersive magnetic excitations that are at odds with strong SO coupling [13] . More recent experimental studies of the AV 2 O 4 family show that none of these compounds satisfy the phenomenological Bloch's equation [14] ∂ ln T N /∂ ln V 3.3, that must hold in the strong-coupling limit t/U 1 [6] (T N and V are Néel temperature and volume). Moreover, the Néel temperature of ZnV 2 O 4 decreases with pressure and transport measurements reveal that MgV 2 O 4 and ZnV 2 O 4 have small charge gaps [15] . These measurements clearly indicate that a comprehensive study of the spinel Vanades requires an approach that can interpolate between the strong and intermediate-coupling regimes.
In this Letter we demonstrate that the larger charge fluctuations of the intermediate-coupling regime play a crucial role for suppressing OO in MgV 2 O 4 and ZnV 2 O 4 . The observed magnetic ordering breaks the equivalency between bonds and the strong Hund's coupling results in a lower energy barrier for ferromagnetic (FM) bonds. Since the FM bonds form zig-zag chains spiraling along the z direction (see Fig. 1 ), charge fluctuations become stronger along these chains. We argue that it is essential to keep double occupied states in the low-energy effective theory to account for the lower energy barrier of FM bonds. In fact, we show that double occupied states of isolated zig-zag chains are domain walls of a 1D quantum Ising model. These domain walls are confined in the orbitally ordered phase. As t/U increases, the zig-zag chain undergoes a quantum phase transition to a para-orbital (PO) [16] state via proliferation of domain walls. We find that this transition takes place at the crossover between the intermediate and strong-coupling regimes. This phenomenon cannot be captured by a strong-coupling approach because double-occupied states are projected out from the low-energy Hilbert space.
We first review experimental results on vanadium spinels. A structural transition occurs at a temperature T s ≈ 95K for A = Cd [4, 5] , T s ≈ 51K for A = Zn [2] , and T s ≈ 65K for A = Mg [3] , which lowers the crystal symmetry from cubic F d3m to tetragonal I4 1 /amd and leads to uniform flattening of VO 6 octahedra with c < a = b . This distortion leads to a partial ferroorbital (FO) ordering in which the lower-energy d xy orbital is occupied at every site, while the second electron can occupy either the d zx or d yz orbitals. Antiferromagnetic correlations develop below T s along chains parallel to [1, ±1, 0] (xy) directions. However, 3D magnetic ordering only sets in below a lower Neel temperature due to frustration in the inter-chain coupling. The ordering wave-vector is q = 2π(0, 0, 1) and the corresponding spin pattern is ↑↑↓↓ along chains parallel to the yz or zx directions. This ordering leads to zig-zag FM chains spiraling about the z-axis (Fig. 1) .
The Model. We start by considering a low-energy t 2g The solid diagonal lines are FM bonds along zx and yz directions. These "strong" bonds form zig-zag chains described byH. The dashed lines are the "weak" AFM bonds that introduce inter-chain orbital coupling. The arrows indicate the spin ordering favoured by a combination of the intra-chain FM coupling and inter-chain AFM coupling induced by bonds oriented along the xy direction. The letters x (for zx) and y (for yz) indicate the OO that is stable deep inside the Mott regime [7] .
H cf = −∆ j n j xy , describes the crystal field splitting due to the Jahn-Teller distortion at T < T s , where n j xy is the electron number for the d xy orbital of site j. We also assume a value of ∆ > 0 that is large enough to localize one electron in the d xy orbital. H U contains the terms originated from the Coulomb repulsion between electrons in the same ion. When restricted to the n j xy = 1 subspace, H U reads
Here U denotes the Coulomb repulsion between electrons occupying the same orbital and J is the Hund's coupling constant [18] . µ, ν = {zx, yz} are orbital indices, while α, β =↑, ↓ are spin indices. Finally, n jµα = d † jµα d jµα , n jµ = α n jµα , and
is a vector of Pauli matricies. The kinetic energy terms are
We assume that the transfer matrix is diagonal in the t 2g manifold and that the hopping integral is dominated by the ddσ contribution:
Finally, the effective SO contribution H so is obtained by projecting the original SO interaction, λL·S, onto the doublet of {d zx , d yz } orbitals [19] :
The SO coupling also contains terms, like λd † j xy↑ d j µ ↓ , which mix the d xy with d zx or d yz orbitals. Since these terms are of order λ/∆, they will be neglected in the following discussion.
A single helical chain (λ = 0 limit). We now consider a single helical chain that propagates along z-direction with alternating zx and yz bonds. (We use the short notation "µ-bond" for bonds oriented along the µ direction, where µ = {xy, yz, zx}.) The hopping matrix elements along each helical chain are t The operator that is associated with the local orbital order parameter, n j zx − n j yz , has the following expression in terms of the Ising variables:
where the + (−) sign holds for odd (even) values of j. The 1D QIM is exactly solvable and the ground state has FM ordering for U − 3J ≥ 4t. The corresponding order parameter is: τ 
where L is the number of sites in the helical chain. Therefore, the quantum phase transition between the FM and Coupled Chains. Here we will assume that the effective AFM coupling between chains stabilizes the magnetically ordered state shown in Fig.1 . This assumption is supported by unbiased numerical simulations of the three-band Hubbard model that will be presented elsewhere [20] . In addition, this magnetic ordering is stable near the itinerant [21] and strong-coupling limits [7] indicating that it remains stable over the whole Mott phase. Since charge fluctuations are weaker across AFM bonds (the barrier is U instead of U − 3J), the coupling between neighboring helical Ising chains [ Fig. 2(c) ] will be approximated by using a Kugel-Khomskii Hamiltonian [7, 9, 17] . There are two contributions. The first contribution comes from exchange between electrons localized in the d xy orbitals and leads to a pure AFM spin coupling:
where
1+2η is the spin exchange constant, η = J/U , (ij) denotes an ±xy-bond which connects two sites belonging to nearest-neighbor Ising chains, and S j = γ S jγ . The above AFM coupling between helical chains is unfrustrated and leads to the q = 2π(001) 3D magnetic order depicted in Fig. 1 .
The second contribution comes from orbital exchange through the antiferromagnetic zx and yz bonds (dashed bonds in Fig. 1 ) connecting nearest-neighbor Ising chains. The small probability of double occupancy induced by inter-chain hopping processes justifies our perturbative treatment of these terms. The resulting inter-chain orbital Hamiltonian is
where µ = zx (yz) when ij is a zx (yz)-bond, A 3D effective Ising Hamiltonian can be easily obtained from Eqs. (5) and (9) . The intra-chain term is given by Eq.(5), while the inter-chain coupling is obtained by expressing the orbital occupation operators of Eq. (9) in terms of the Ising variables n jµ = (1 ± τ z j,j+1 )/2. However, we should recall that the Ising operators are bond variables defined on a dual lattice (see Fig. 2(a) ). Therefore, we introduce the bond coordinates r = (m, n, j) to define the full dual lattice, including the zx and yz-bonds connecting different helical chains. The last coordinate j denotes the position of the bond on its helical chain,
